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Design Impact of Piezoelectric Actuator Nonlinearities

John A. Main¤ and Ephrahim Garcia†

Vanderbilt University, Nashville, Tennessee 37235

Data are presented illustrating the need for inclusion of piezoelectric actuator nonlinearities if accurate system
models are desired. The describing function approach was used in this investigationas an example.Whereas the use
of the describing functions does improve overall accuracy of the system model, it is demonstrated that the extreme
sensitivity of the describing functions to amplitudeat low actuator displacements still compromises on the accuracy
of system models that include voltage-controlledpiezoelectric actuators. It is also demonstrated that using charge-
feedback control with piezoelectric actuators makes the use of the nonlinearmodel elements less pressing since the
charge control describing functions are much nearer unity than their voltage-control counterparts.

Nomenclature
A = actuator cross-sectionalarea, m2

C = capacitance, F
cD = stiffness at constant electric displacement, Pa
cE = stiffness at constant electric � eld, Pa
D = electric displacement, C/m2

d = piezoelectric constant, m/V
E = electric � eld, V/m
F = force, N
g = piezoelectric constant, m2/C
Kamp = voltage-feedbackampli� er gain, V/V
Kas = combined actuator, � exure, and ampli� er gain, m/V
K D = controller derivative gain, V/V
KOL = open-loop system gain, m/V
K p = controller proportional gain, V/V
Ksg = strain-gaugeposition feedback subsystem, V/m
k = spring constant, N/m
L = moment arm effective length, m
m = driven mass, kg
N = fundamental frequency representationof system

nonlinearities
n = number of layers in stack actuator
Q = charge, C
R = resistance, Ä
S = strain
T = stress, Pa
t = piezoelectricmaterial thickness, m
Va = power ampli� er input voltage, V
x = displacement, m

Introduction

I N a previous paper,1 describing functions were determined for
piezoelectric actuators to quantify the amplitude dependence of

their dynamic behavior. Describing functions were experimentally
determined as a function of the amplitude of the stack displace-
ment and frequencyfor a stackactuatorusingboth voltage-feedback
control and charge-feedback control approaches. The use of these
describing functions in modeling piezoelectric actuator systems is
further explored in this paper. Particular attention is paid to design
issues such as predicting the performance of a system that includes
piezoelectricactuators.
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This exploration is detailed in the following sections and pro-
ceeds as follows. First, a feedback position control system is de-
signed, and stability limits are predicted using describing functions
to account for the nonlinear behavior of the piezoelectricactuators.
These describing functions were determined in a previous paper for
an identicalpiezoelectricstack actuator.Next, the stability limits of
the prototype system are found experimentally using both voltage-
feedback and charge-feedback control strategies in separate tests.
Finally, conclusions are drawn about how the results of this work
should impact the piezoelectric actuator system design process by
examining 1) the characteristics of the describing functions them-
selves and 2) comparing the system performance predictions to the
experimental results obtained.

Prototype Position Control System
A typical task for a miniatureactuator is � ne positioncontrol, and

so in this study a position feedback system was designed around a
piezoelectric actuator. A sketch of the complete position control
system is shown in Fig. 1. The system consists of four major com-
ponents: the actuator assembly, the power ampli� er (which can be
voltage feedback or charge feedback, see Ref. 2 for a comparison),
the proportional-derivative(PD) controller, and a strain gauge for
position feedback.The actuator assembly, shown in detail in Fig. 2,
is a piezoelectric stack mounted in a mechanism that is used to am-
plify the displacement output of the stack with a four-bar � exure
linkage. This mechanism has two cascaded moment arms attached
to a base by � exure hinges to amplify the motionof the piezoelectric
stack. This assembly was designed to be one of three actuators for a
mirror in an adaptiveoptics application.A small mass was mounted
at the output point of the actuator to substitute for the mirror inertia.

A top-levelblockdiagramof the controlsystemis shownin Fig. 3.
In this diagram the system is broken up into four major blocks,
which are detailed subsequently: the PD controller, the strain gauge
position feedback element (Ksg), the actuator/� exure/ampli� er sub-
system Kas , and an inverter that is used in conjunction with the
charge-feedback ampli� er. Each of these components now is dis-
cussed in detail.

PD Controller
The proportionalcomponentof thecontrolleris a simple inverting

ampli� er with transfer function and gain range of

K P .s/ D ¡R f =104I R f D 0 ! 104 (1)

R f is the value of the feedback resistor in ohms.
The controller derivative component combines a differentiator

and a low-pass � lter. The resulting transfer function is

K D.s/ D
¡0:1e¡6 R2

.0:1e¡9 R2s C 1/.0:2e¡3s C 1/
I R2 D 0 ! 300 (2)
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Voltage feedback control

Charge feedback control
Fig. 4 Block diagram models of Kas.

the � exure stiffness between the actuator input and output points is
taken to be k1 and the stiffnessbetween the output point and ground
is k2, the dynamic equations for the � exure stage can be written by
summing the forces on the driven mass. This results in

m Rx2 D k1.Lx1 ¡ x2/ ¡ k2x2 (10)

where L is the � exure ampli� cation, x1 is the displacement of the
input point of the � exure stage, and x2 is the displacement of the
output point. Summing the forces acting on ground results in

0 D k1.L ¡ 1/.Lx1 ¡ x2/ ¡ F C k2x2 (11)

Values for the spring constants k1 and k2 were determined by using
Eqs. (10) and (11) and the � nite element model of the � exure stage.
The de� ection range of interest was small and all loads were in the
elastic region and so the resulting force-displacement relationship
was assumedto be linear.This allowedoneset of force-displacement
values derived from the � nite element model to be substituted into
Eqs. (10) and (11) and solved simultaneously for k1 and k2 . The
values determined were k1 D 60:9 kN/m and k2 D 43:9 kN/m.

The dynamic equation for the voltage control embodimentof Kas

is found by combining Eqs. (9–11) and eliminating variables F and
x1. The resulting relationship is shown as a block diagram in Fig. 4.

Charge Control
A similar line of reasoning is used to develop an alternate control

relationship for the piezoelectric stack actuator driven by a charge-
feedback power ampli� er. The following constitutive relationship
assumes all state variables are again limited to the 3 direction:

T3 D cD
33S3 ¡ g33cD

33 D3 (12)

where cD
33 is the modulus of the piezoelectric material at constant

electric displacement, g33 is a piezoelectric constant, and D3 is
the electric displacement in the 3 direction. The electric displace-
ment control relationship relies fundamentally on the amount of
free charge in the system. Gauss’ law is used to relate the electric
displacement to the free charge and results in

D3 D Q=n A (13)

where Q is the total amount of free charge applied to the n layers
of the stack.

Substituting in this result as well as Eqs. (6–8) yields a piezoelec-
tric stack actuator control relationship that relies fundamentally on
applied charge:

F D
¡cD

33 Ax1

nt
C

g33cD
33 Q

n
(14)

A number of methods for controlling the amount of charge on a
piezoelectric actuator have been put forth in the literature. One
places a capacitor in series with the piezoelectric load so that the
total capacitance is dominated by the reference capacitance and,

therefore, the charge in the system is explicitly known.4;5 Activat-
ing a current source for precise periods has also been demonstrated
as a method for delivery of precise amounts of charge to piezoelec-
tric actuators.6 The strategy used in this work for controlling the
amount of charge applied to a piezoelectric stack was presented by
Comstock.7 The Comstock circuit relates the charge present on a
piezoelectric actuator Q to an input voltage Va through

Q D CVa (15)

where C is the value of a capacitor in the circuit. Note that this is
a noninverting ampli� er. This necessitates the additional inverter
in the control system to ensure stability when using charge control
(see Fig. 3). Substituting this result into Eq. (14) yields a charge-
feedback control relationship for the piezoelectric stack coupled to
the charge-feedbackampli� er:

F D
¡cD

33 Ax1

nt
C

g33cD
33CVa

n
(16)

This relationship is then combined with Eqs. (10) and (11) to deter-
mine the charge control version of Kas . The resulting relationship
is also shown as a block diagram in Fig. 4.

Both the charge-feedbackand voltage-feedbackKas modelswere
experimentallyveri� ed by obtainingopen-looptransfer functionsof
the displacementof the drivenmass relative to voltage input into the
respective ampli� ers. The results of this experimental veri� cation
are presentedin Figs. 5 and 6 for voltage control and charge control,

Fig. 5 Experimental and theoretical Kas using voltage-feedback con-
trol.

Fig. 6 Experimental and theoretical Kas using charge-feedback con-
trol.
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Table 1 Actuator, material, and structural parameters

Stack parameters
Number of layers n 130
Layer thickness t 1:20 £ 10¡4 m
Stack cross-sectional area A 3:46 £ 10¡5 m2

Material constants
Piezoelectric constant d33 568 £ 10¡12 m/V
Constant � eld modulus cE

33 67.5 GPa
Piezoelectric constant g33 23:3 £ 10¡3 V-m/N
Constant electric displacement 111 GPa

modulus cD
33

Flexure stage parameters
Ideal � exure ampli� cation L 8.6
Spring constant k1 60.9 kN/m
Spring constant k2 43.9 kN/m
Driven mass m 34 g

Ampli� er parameters
Voltage ampli� er gain Kamp ¡10
Charge ampli� er series capacitance C 10 ¹F

respectively.The tests were performed at very small displacements
and are bandwidth limited (dc 500 Hz) to avoid any amplitude-
dependent effects. The variable values used to generate the model
curves are listed in Table 1.

Predicting Maximum System Gains
A method for predictionof phaseand stabilitymargins (and there-

fore maximum system gains) for systems including piezoelectric
actuators was presented previously and is based on the describing
function method of stability analysis.1 A brief synopsis is included
here.

Using the open-loopgain of a feedbackcontrolsystem to evaluate
system stability margins requires � nding solutions for the equation

¡1 D KOL.s/ (17)

The describing function method takes a known system nonlinearity
and approximates it with a linear fundamental frequency represen-
tation, conventionally labeled N . Stability margins and maximum
gains are calculated from solutions to the equation

¡1=N D KOL.s/ (18)

where N represents the system nonlinearities and KOL represents
the linear portion of the system open-loop gain. The function or
group of functions represented by N are generally referred to as
describing functions. The functions ¡1=N then play the role that
the ¡1 C 0i point plays in Nyquist stability analysis.

The system nonlinearities must be known for the piezoelectric
actuator feedback control system to solve Eq. (18). All of the con-
trol system elements in the prototype system under investigation
here are known to behave linearly over the range of test conditions
with the exception of the piezoelectric stacks, which can display
nonlineareffects such as hysteresisand amplitudedependence.Un-
fortunatelythe nonlinearitiesinvolved in piezoelectricstack control
are not known a priori. In an earlier study, this problem was ad-
dressed by applying a known sinusoidal signal (be it voltage or
charge) to a piezoelectric stack in an easily modeled simple sys-
tem and recording the displacement response.1 The piezoelectric
stack nonlinearities were then determined a posteriori by reduc-
ing the differences between the dynamic behavior of the physical
system and the linear system model to a fundamental frequency
representation. This operation was repeated over a range of fre-
quenciesand input signal amplitudes to map the actuatordescribing
function. A stack identical to the one from the previous study was
used here, and so it is assumed that the nonlinearities will also be
identical.

That the stack nonlinearities are the same in two identical stack
actuators is one of the two main assumptions in this method. The
second is that the calculated nonlinearities from one system can be
used by analogy to predict the stability of another system that may
have different load-displacementcharacteristics,but uses the same
piezoelectricstack actuator.

Fig. 7 Determination of the amplitude dependent maximum system
Kp using voltage feedback.

Fig. 8 Determination of the amplitude dependent maximum system
Kp using charge feedback.

The ¡1=N functions for the stack actuator used in this study are
plotted in the complex plane in Figs. 7 and 8 for voltage-feedback
and charge-feedbackcontrol, respectively.There are six describing
function curves in each plot, covering a dc 500-Hz range in 100-Hz
increments.Each symbol correspondsto a particular frequency,and
the lines connectinglike symbolsshow theamplitudedependenceof
the describing function at that frequency. The describing functions
were determined for stack de� ections of 1–6 ¹m in 1-¹m incre-
ments. The maximum voltage applied to the stack was 54 V, and all
describing functions were determined with the simple stack-mass
system operating well below resonant frequency to avoid dynamic
effects.

The position of the describing functions relative to the open-loop
gain curve of the feedback control system illustrates the relative
stability of the system. For example, the two open-loopgain curves
in Fig. 7 were calculated for the prototype position control system
using the voltage-feedbackmodel. Each curve represents a critical
value for the proportional gain K p . The lower curve represents a
proportional gain (K p ) equal to 0.075 V/V, and the upper curve is
the result of increasing that gain to 0.128 V/V. The open-loopgains
were calculated from the system model with the differential gain
resistor value (R2 ) set at 147.5 Ä.

The lower curve was calculated using the maximum propor-
tional gain that can be applied before the open-loop gain curve
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intersects any of the describing functions. Because it considers all
of the voltage-feedback describing functions as critical points, it
is a prediction of the maximum proportional gain possible in the
system using voltage-feedbackcontrol. The upper curve represents
the maximum open-loopgain that can be achieved before the open-
loop gain curve intersects any of the lowest amplitude points of the
voltage-feedbackcontrol describingfunctions.Because it considers
only the lowest amplitudepoints of the voltage-feedbackdescribing
function to be critical points, it is a prediction of the maximum K p

possible if the system is operated only at low amplitudes.
The open-loop gain curves in Fig. 8 were calculated using the

charge-feedback Kas model with a the differential gain resistor set
to 125 Ä to accountfor the differencein internal damping in the two
ampli� er embodiments. The differential gain was adjusted to yield
equivalent ³ values for the overall system to make the two systems
as equivalent as possible. The K p values for the lower and upper
curves are 0.151 and 0.200, respectively (see Table 2). The lower
and upper curves represent the maximum high and low amplitude
K p possible under charge-feedbackcontrol.

Experiment
An experimental determination of the maximum proportional

gains this system can tolerate when driven over a range of am-
plitudes was performed. This was accomplished by adjusting the
amplitude of an input noise signal while K p was set to zero un-
til a desired target mass amplitude was achieved. The proportional
gain K p was subsequently increased until the system exhibited in-
stabilities.The instabilitiesnoted in these maximum gain tests typi-
cally appeared as high-frequencysystem oscillations in the charge-
feedback system and severely degraded transfer functions in the
voltage feedbacksystem, indicating that differences in the two con-
trol embodiments still exist despite efforts to make the systems as
identical as possible. The test was repeated four additional times at
the same input noise level to determinean averagecritical K p at that
amplitude.Five output amplitude levels were consideredusing both
voltage-feedback and charge-feedback control. In the � rst test in
each series, the mass displacement amplitude was set to 2 ¹m over-
all rms (0–500 Hz frequencyrange) with K p set to zero. Subsequent
tests increased the output amplitude in 2-¹m rms increments until a
maximum of 10-¹m rms was reached.At approximatelythe 10-¹m
rms output amplitude the maximum stack voltage corresponded to
the voltage used to determine the high-amplitude describing func-
tions.

The results of the maximum K p tests are shown in Figs. 9 and 10
as well as Tables3 and 4. The maximumgainsshown are not directly
comparablebetween voltage-feedbackand charge-feedbackcontrol
because the two ampli� er con� gurations use different forms of the
piezoelectricconstitutive relationshipsand, therefore, have distinct
inherent gains, as re� ected by the two variationsof Kas .

Table 2 Predicted critical Kp values

Critical values of K p Critical values of K p Open-loop
for voltage control for charge control gain plot

0.075 —— Fig. 7
0.128 —— Fig. 7
—— 0.151 Fig. 8
—— 0.200 Fig. 8

Table 3 Experimentally determined maximum Kp values
under voltage-feedback control as a function

of input signal amplitude

Displacement output
Input white noise at K p D 0,
level, mV rms ¹m overall rms Maximum K p

60 1.986 0.1646
120 4.090 0.1570
180 6.082 0.1281
240 8.291 0.1035
290 10.05 0.0768

Table 4 Experimentally determined maximum Kp values
under charge-feedback control as a function

of input signal amplitude

Displacement output
Input white noise at K p D 0,
level, mV rms ¹m overall rms Maximum K p

50 2.045 0.1970
100 3.962 0.1899
160 6.165 0.1763
205 7.885 0.1782
260 10.05 0.1621

Fig. 9 Theoretical/experimental maximum Kp for voltage-feedback
control as a function of output amplitude: , experimental determined
maximumKp (SSD); , predicted maximumgainat low amplitudes;
and , predicted maximum gain at high amplitudes.

Fig. 10 Theoretical/experimental maximum Kp for charge-feedback
control as a function of output amplitude: , experimental determined
maximumKp (SSD); , predicted maximumgainat low amplitudes;
and , predicted maximum gain at high amplitudes.

Discussion
The goal is to examine design issues associatedwith systems that

utilize piezoelectric actuators for positioning tasks. The design is-
sue under particular scrutiny is the accuracyof piezoelectricsystem
models, regardless of whether voltage feedback or charge feedback
is the control strategy of choice. One of the engineers goals is to
accurately predict the behavior of a dynamic system so that design
trades can be accomplished before resources are invested in static
hardware. This places a premium on the accuracy of system mod-
els because inaccurate models will directly impact the quality of
engineering trades.

The describing function method is useful for representing sys-
tem nonlinearities, and examination of the ¡1=N curves in Figs. 7
and 8 demonstrate their value in modeling piezoelectric actuator
systems. Piezoelectric actuators under both voltage-feedback and
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charge-feedback control exhibited signi� cant nonlinear behavior,
as indicated by the spread of the ¡1=N loci. This spread represents
a reduction in stability limits of systems that include piezoelectric
actuatorsbecausethe systemwill exhibit instabilitieswell before the
open-loop gain curve intersects the ¡1 C 0i point on the complex
plane. This is especially true in the case of voltage control. While
the charge-feedbackcontrolpoints remain in the immediatevicinity
of ¡1C0i , the voltagecontrol ¡1=N functionsexhibit extremeam-
plitude dependence,even varying in magnitudeup to 40%. This has
a direct impact on the system design process. The existence of un-
certain component behavior in a dynamic system forces extremely
conservativedesign choices for the system as a whole. Perhaps the
lesson to be learned from examinationof the stack actuatordescrib-
ing functions is that the nonlinear characteristics of piezoelectric
actuators, particularly under voltage control, must be accounted for
somehow if accurate system models are to be generated. The same
could also be said for charge-feedback control, but the nonlinear
effects are less extreme.

The describingfunctionsdeterminedfor the voltage-feedbackand
charge-feedback systems quantify the system nonlinearities. Non-
linear system behavior can be reasonably assumed to arise from
either the mechanical system (the � exure), the power electronics,or
the electromechanical interface. The � exure mechanism was lim-
ited to small de� ections and elastic stresses, and so it is reasonable
to assume that it is not the source of these nonlinear effects. The
voltage-feedback and charge feedback ampli� ers were tested off-
line for linearity by monitoring their output voltage while driving a
purely capacitive load.Both demonstratedonly linearbehavior.The
only remaining source for the differences between voltage control
and chargecontrolis the electromechanicalinterface,as represented
by the constitutive equations [Eqs. (5) and (12)]. This series of
tests on piezoelectric actuator systems indicates that the discrepan-
cies between models and the real piezoelectricsystem performance
arise from modeling the piezoelectric effect as purely a linear phe-
nomenon.

The necessity of using describing functions to model system be-
havior accurately is evident from Figs. 7 and 8, but this raises the
question of how accurate this method is for modeling piezoelectric
systems. The experiment described in the preceding sections was
performedspeci� cally for this evaluation.The maximum K p values
listed in Tables 3 and 4 are plotted as a function of output de� ec-
tion in Figs. 9 and 10 for voltage-feedback and charge-feedback
control, respectively. Each datum point represents the average ex-
perimentalmaximum K p and the error brackets the 90% con� dence
interval on the experimental results. Also shown on each plot are
two horizontal lines. The upper line is the maximum low-amplitude
K p predicted by the system model with describing functions, and
the lower line the maximum K p predicted for high amplitudes, also
using the describingfunctions. It is striking that the maximum gains
were accuratelypredicted in both of the high-amplitudecases, yet in
only the low-amplitudecharge controlcase.There is a largediscrep-
ancy between the predicted and experimental maximum K p value
for low-amplitude voltage control.

This error can be explained by looking at the sensitivity of the
describing functions as a function of stack output amplitude. The
average sensitivity of the describing functions as a function of am-
plitude are shown in Fig. 11. These plots were generated by cal-
culating the sensitivities of the magnitude and phase portions of
the actuator describing functions at each frequency, then averaging
those results into one compositedescribingfunctionsensitivityeach
for voltage-feedbackcontrol and charge-feedbackcontrol. Exami-
nation of Fig. 8 indicates that a large error in predicting the low-
amplitude K p in voltage control is completely understandable.This
region displays the greatest sensitivity to stack output amplitude in
both the magnitude and phase plots. This is especially interesting
because this is the region where the most linear behavior of voltage
controlled piezoelectric actuators is claimed to be found. Although
hysteresis and amplitude dependence may be small here, this is the
region in which both of these quantities are changing most rapidly,
and this alone will inject uncertaintyinto the system design process.
This is true whether or not the piezoelectric actuator nonlinearities
are accounted for in the system model.

Fig. 11 Piezoelectric actuator describing function sensitivity as a func-
tion of stack displacement amplitude.

Conclusions
The system design process requires accurate component models,

and piezoelectric actuators are not well suited to accurate linear
modeling. It is demonstrated that accurate modeling of systems that
includepiezoelectricactuatorsrequiresincorporationof theactuator
nonlinearities in some fashion. Here this was accomplished with a
describing function approach. It is further shown that problems can
arise even in the case where the actuator nonlinearitiesare included
in the model. Signi� cant modeling errors arose in this investiga-
tion because of the high sensitivity of voltage control describing
functions to amplitude at lower amplitudes.

The describingfunctionspresentedweredeterminedfor a speci� c
piezoelectricactuatorunderboth voltagecontroland chargecontrol.
It is notunreasonableto assume that similar actuatorsmade of layers
of PZT-5H will have similar characteristics. However, generaliza-
tion of these speci� c describing functions to signi� cantly different
actuator designs is not directly supportedby this work. One impor-
tant characteristic that does appear to be a general characteristicof
piezoelectric actuators is that the system nonlinearities under both
voltage control and charge control act to progressively reduce sys-
tem stability with increasing amplitude.
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